
Physics Beyond the Standard Model

Exercise sheet 4

Exercise 1: Grassman numbers

• Taylor series:

φ(θ) = φ(0) + φ′(0)θ +
1

2
φ′′(0)θ2 + . . .

{θ, θ} = 0 ⇒ θ2 = 0 ⇒ φ(θ) = φ(0) + φ′(0)θ (1)

• Translation invariance∫ ∞
−∞

dθφ(θ) =

∫ ∞
−∞

dθφ(θ + c)

(1)⇒
∫ ∞
−∞

dθ[φ(0) + φ′(0)θ] =

∫ ∞
−∞

dθ[φ(0) + φ′(0)(θ + c)]

=

∫ ∞
−∞

dθ[φ(0) + φ′(0)θ] + cφ′(0)

∫ ∞
−∞

dθ︸ ︷︷ ︸
= 0 ∀c

⇒
∫ ∞
−∞

dθ = 0

∫ ∞
−∞

dθφ(θ) = φ(0)

∫ ∞
−∞

dθ + φ′(0)

∫ ∞
−∞

θdθ
!

= φ′(0) · const.

const. = 0⇒ all integrals vanish

const. = 1⇒
∫ ∞
−∞

θdθ = 1
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∂

∂θ
φ(θ) = lim

ε→0

φ(θ + ε)− φ(θ)

ε
(1)
= lim

ε→0

[φ(0) + φ′(0)(θ + ε)]− [φ(0) + φ′(0)θ]

ε
= φ′(0) =

∫ ∞
−∞

dθφ(θ)

⇒
∫ ∞
−∞

dθφ(θ) =
∂

∂θ
φ(θ)

• ~θ = {θ1, θ2, θ3, . . . }

φ(θ1, θ2, . . . ) = φ(~0) +
∑
i

∂φ(~θ)

∂θi
θi +

∑
i 6=j

∂2φ(~θ)

∂θi∂θj
θiθj + . . .

= b0 + biθi + bijθiθj + . . .

where bijθiθj = −bijθjθi
!

= bjiθjθi

⇒ bij antisymmetric or zero∫ ∞
−∞

dθi = 0 ∀i∫ ∞
−∞

dθiθj = δij =
∂

∂θi
θj ∀i, j

Exercise 2: Weyl spinors und Dirac bispinors

Algebra: vector space (summation of two elements, multiplication with c)
with operation ◦ of two elements of the algebra,
such that m ◦ n ∈ vector space.

e.g. vector space of 3dim vektoren: Summation
√

Multiplication with c
√

Scalar product 6∈ VR
+ Vector product ⇒ Algebra
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Clifford algebra CN :
N generatoren ξi . . . ξN with {ξa, ξb} = 2δab

here the gamma matrices γµ are the generators: {γµ, γν} = 2gµν

Grassman algebra ΛN

associative, ∃ 1-element and generators ξ: {ξa, ξb} = 0⇒ θ2 = 0

We define the gamma matrices and spinors in the chiral basis rather than
the Dirac basis as before. The representation of Weil spinors in the chiral
basis is very simple and the action of the Projektors IPL and IPR is trivial.
However, this comes at the cost of having to work with dotted and undot-
ted spinor indices. Spinors with undotted indices live in adjoined spaces.
Transformations to un-adjoined spaces are defined via the σ matrices, which
carry one dotted and one undotted index. Spinors living in dual spaces are
distinguished by using lower and upper indices. Indices can be raised and
lowered using the ε tensor which has one lower and one upper index. The
contraction of indices within one space is also performed using the ε tensor,
this time with both indices raised or lowered.

IPL =
1

2

(
1I−

(
−1I 0
0 1I

))
=

(
1I 0
0 0

)
IPR =

1

2

(
1I +

(
−1I 0
0 1I

))
=

(
0 0
0 1I

)
Note that on the one hand we have ξβ = εβαξ

α, but also ξβ = ξαεαβ. Hence,
ξ and ε anti-commute.

a) ψ̄1IPLψ2 = (χα, ξ†α̇)1

(
ξα
0

)
2

= χ1 · ξ2

b) ψ̄1IPRψ2 = (χα, ξ†α̇)1

(
0
χ†α̇

)
2

= ξ†1 · χ
†
2
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c) We first calculate the left-hand side

C = iγ0γ2 =

(
0 σ0

σ̄0 0

)(
0 iσ2

iσ̄2 0

)
=

(
iσ̄2 0
0 iσ2

)

ψc = Cψ̄T =


iσ̄2

(
χ1

χ2

)
iσ2

(
ξ†
1̇

ξ†
2̇

)
 =


(

0 −1
1 0

)(
χ1

χ2

)
(

0 1
−1 0

)(
ξ†
1̇

ξ†
2̇

)
 =


−χ2

χ1

ξ†
2̇

−ξ†
1̇


ψc = (ψc)†γ0 = (−χ†2̇, χ†1̇, ξ2,−ξ1)

(
0 1I
1I 0

)
=
(
ξ2,−ξ1,−χ†2̇, χ†1̇

)

⇒ ψc1IPLψ2 =
(
ξ2,−ξ1,−χ†2̇, χ†1̇

)
1


ξ1
ξ2
0
0


2

= (ξ2)1(ξ1)2 − (ξ1)1(ξ2)2.

The right-hand side yields

ξα = εαβξβ ⇒
(
ξ1

ξ2

)
=

(
0 1
−1 0

)(
ξ1
ξ2

)
=

(
ξ2
−ξ1

)
ξ1 · ξ2 = (ξα)1(ξα)2 = (ξ1, ξ2)1

(
ξ2
ξ1

)
2

= (ξ1)1(ξ2)2 + (ξ2)1(ξ1)2

= (ξ2)1(ξ2)2 − (ξ1)1(ξ1)2.

So that we find ψc1IPLψ2 = ξ1 · ξ2.

d) We use the previous expression for ψc1 and find for the left-hand side

ψc1IPRψ2 =
(
ξ2,−ξ1,−χ†2̇, χ†1̇

)
1


0
0

χ†1̇

χ†2̇


2

= −(χ†2̇)1(χ
†1̇)2 + (χ†1̇)1(χ

†2̇)2.
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The right-hand side yields

χ†α̇ = εα̇β̇χ†
β̇
⇒

(
χ†1̇

χ†2̇

)
=

(
0 1
−1 0

)(
χ†
1̇

χ†
2̇

)
=

(
−χ†

2̇

χ†
1̇

)

χ†1 · ξ
†
2 = (χ†α̇)1(χ

†α̇)2 = (χ†
1̇
, χ†

2̇
)1

(
χ†1̇

χ†2̇

)
2

= (χ†
1̇
)1(χ

†1̇)2 + (χ†
2̇
)1(χ

†2̇)2

= (−χ†2̇)1(χ†1̇)2 + (χ†1̇)1(χ
†2̇)2.

So that ψc1IPRψ2 = χ†1 · ξ
†
2.

e) This part is easy, since we don’t have to explicitly write out compo-
nents:

ψ1γ
µIPLψ2 =

(
χα, ξ†α̇

)
1

(
0 σµ

αβ̇

σ̄µα̇β 0

)(
ξβ
0

)
2

=
(
χα, ξ†α̇

)
1

(
0

σ̄µα̇βξβ

)
2

= (ξ†α̇)1σ̄
µα̇β(ξβ)2

= ξ†1 · σ̄µ · ξ2.

f) The first identity can be shown in the same way as e)

ψ1γ
µIPRψ2 =

(
χα, ξ†α̇

)
1

(
0 σµ

αβ̇

σ̄µα̇β 0

)(
0

χ†β̇

)
2

=
(
χα, ξ†α̇

)
1

(
σµ
αβ̇
χ†β̇

0

)
2

= (χα)1σ
µ

αβ̇
(χ†β̇)2

= χ1 · σµ · χ†2.
For the second identity we use σµ = ε(σ̄µ)T εT which can be written as

σµαα̇ = εαβ(σ̄µβ̇β)T (εα̇β)T .

As χ1 · σµ · χ†2 is a number, we find

χ1 · σµ · χ†2 =
(
χ1 · σµ · χ†2

)T
=
(
(χα)1σ

µ
αα̇(χ†α̇)2

)T
=

(
(χα)1εαβ(σ̄µβ̇β)T (εα̇β̇)T (χ†α̇)2

)T
=

(
(χβ)1(σ̄

µβ̇β)T (χ†
β̇
)2

)T
= −(χ†

β̇
)2σ̄

µβ̇β(χβ)1 = −χ†2 · σ̄µ · χ1 (1)

5



g) The Lagrangian for a free particle can be written using chiral compo-
nents:

LDirac = ψ̄(i 6∂ −m)ψ = (χα, ξ†α̇)[i∂µγ
µ −m]

(
ξα
χ†α̇

)
= (χα, ξ†α̇)

[
i∂µ

(
0 σµαα̇

σ̄µα̇α 0

)
−m

(
1 0
0 1

)](
ξα
χ†α̇

)
= (χα, ξ†α̇)

[
i∂µ

(
σµαα̇χ

†α̇

σ̄µα̇αξα

)
−m

(
ξα
χ†α̇

)]
= χ · σµ · (i∂µχ†) + ξ† · σ̄µ · (i∂µξ)−m

(
χ · ξ + ξ† · χ†

)
.
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