PHYSICS BEYOND THE STANDARD MODEL

Exercise Sheet 3 - Solutions

Exercise 1: Breaking of SU(5)

The Higgs vacuum expectation value (vev) is*

V24 .
= diag (1,1,1,-3/2,-3/2). 1
%o Vit g( /2,—3/2) (1)
Then we can write the Higgs field as vev plus a fluctuation h:
vog + N
= diag (1,1,1,—-3/2,—-3/2). 2
¢ i g( /2,-3/2) (2)
vag + B\ 1
TrioP? = (-2 ) Tr(diag(1,1,1,9/4,9/4)] = =(ves + h)?
of = (220} Trldiag(1,1,1,9/4,9/8] = 3w+ 0
Vg + h 4 . 7
Trigl* = Tr|[diag(1,1,1,81/16,81/16)] = — h)*
ot = (L) Trldiag(,1181/1681/10)] = (e 1)
1 1 7
— V(p) = §M224 oy + h)? + oo+ h)* + EXZ‘*(”M + h)*
The potential has two critical points
dV (¢) 7 !
W - = U24M224 + 1)34)\24 + 3—01}24)\/24 =0
M2
=0 = ———2_ oder vy =0.
2 Aot + 2= Moy “
The condition for a minimum of the potential is
PV (9) 7 |

'For a detailed derviation of the vev of spontaneously broken gauge symmetries see L.
F. Li, Phys. Rev. D9, 1723 (1974).



The conditions for a convex potential with non-trivial minimum are M2, < 0
und A5, > 0.
Furthermore, v94 needs to be real = Aoy + 3—70/\’24 >0

7
— )\24 > —%)\/24

V), is a linear combination of the generators of SU(5):
V., = Vi a=1,...,24

8 for SU(3) (Gluons)

4 for SU((2) x U(1) (W%, Z, v)

6 Leptoquarks (X1, Xo, X3, X1, XI, X1
6 Diquarks (Yi, Y, Y3, Yy, Yy, Vi)

We can calculate the masses from the Higgs vev ¢y:

Tr|Dugol> = Tr|0uo + igs[Vy, dol|> = Trligs[Vy, ¢o] |?
= TV ol P = Y (M XX+ MEYY)

1

g 1 (A B : :
The vector potential is V,, = E ( o C’)’ where A is a 3x3 matrix and C'
is a 2x2 matrix. A and C' contain the SU(3) and SU(2) x U(1) gauge fields.

B is a 3x2 matrix and contains the leptoquark und diquark fields X, Y.

. . Uy Ts.3 0
The Higgs vev is ¢y = —\/1_5 ( 0 —3/2- o

Vool = 75 (5 ) (0 —ap1) = (0 —ao1) (5 )
0 —5/23-]1)

U24
V30 \5/2B" - 1 0
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Exercise 2: Running coupling constants and unification

Def. GUT scale: ag = o;(Mgur), Vi
Renormalization = running coupling constants:

QED: a(u) = n) _ gWsin®w(p) _ g%(n) cos® bw ()

47 47 47

: _ 9% s peur : cur _ [P
—> Hypercharge Y: a;(p) = 4—cot 0 mit cot ;7" = 3

(1)

m
2
Isospin Is: as(p) = g§z'g))
. _ gs\p
QCD: as(p) = “ar
a(p) as function of ay (p), as(p):
s Oy (1) = 9w en(p)tan’OffT 3 (1)
g* () +9°(n)  on(p) tan? OFFT +as(u)  3aa(p) + 5aa(p)
1 1 B L5l
a(p) ag(p)sin Oy () a2(p)  3aa(p)

Renormalzation group equations (RGEs) (5) with of = «a;(My):

1 1 1 M?2 4 1
e Z \(—ZNy— =N
af o o8 (MéUT) ( 37710 H)

1 1 1 M? 22 4 1
— = —+ —log TZ — —-Np — =Ny
as oy 4w Méyr 3, 3 6
(%)
1 1 1 M? 4
Lo L U (A [y iy
(¥) = non-abelian terms: self interaction of the gauge bosons

(¥x) = asymptotic freedom of QCD
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(2)



We can calculate the GUT scale from (1) and (4):

11 51
o  af  3af
11 M2\ [22 4 1
R | Z 22 _ Ny —Z=N
a0+47r°g(MgUT>[3 3T
5(1 1 M2 4 1
“—4+—1 4 ——Np— —N
= Stan e Gy ) [ w0] )
8 1 M2\ [22 32 1
= 41 Z
Bag | dn Og(MgUT)l:s 9 T3 H]
1 11 M2 4
— = —+—1 4 11—=N
7~ iy (1)

18 1 M2\ [22 32 1
—_ - = ] Z )| N — —Ny — =
oZ 307 ~ in Og(MgUT>[3 g P ghH

1 M2 1
= —log| =) |22+ =N
s () [ 5
A 18
9] ur _ _ 4T (1
og( , 22+% aZ 3a§
1 (MGUT) 27 < 1 4 >
0og = —
p 11(1+ 3y \2a(p)  3as(u)

Numerically: Mgyr = 5.64 - 10* ... 8.62- 104



We can calculate the Weinberg angle at the scale My from (1), (2) and (4):

1 1 1 M2 22 4 1
- 1 GUT _a= -N N
af a0+47TOg(M%)< 3 T3 TG H)
1 1 Meur 4 22 4 1
- 491 = cNp— 24 SNp+ =N
oZ T in Og(MZ” 3T 3 T3 TG H]
1 1 2m ( 1 4 > [11—1—1]\7}
of Am 1101+ &) | \2a(p)  3as(p) ) [3 6 H
= L 1+ﬁ<_é> _|_L lﬁ
of 11(1+ Jy \ 3 aZ |211(1+ &)

5 N 1, N
IR 5 Bl O (i
aZ 1—1—% o 1+%
N N
Cos (1= (1e
9aZ 1—1—% 60 1+1§—g

1+ D _ Nu
sin? (1) = 22 é( 5 ) +§< e ) o

Numerically: sin? Oy (My) = 0.209 ... 0.206



