
Physics Beyond The Standard Model

Exercise sheet 2 - Solutions

Exercise 1: QED Lagrangian

L −→ Equations of motion from Euler-Lagrange equation:

∂µ
∂L

∂(∂µφ)
− ∂L
∂φ

= 0

1) L = |Dµφ|2 −m2|φ|2

=

[(

∂µ + ieAµQ
)

φ

]†[(

∂µ + ieAµQ
)

φ

]

−m2φ†φ

with charge operator eigenvalue Qφ = Qφ

∂L
∂φ∗

=
(

− ieAµQ
)[(

∂µ + ieAµQ
)

φ

]

−m2φ

∂µ
∂L

∂(∂µφ∗)
= ∂µ

[(

∂µ + ieAµQ
)

φ

]

= ∂µ∂µφ+ ie(∂µAµ)Qφ+ ieAµQ∂µφ

Euler-Lagrange equation:

∂µ∂µφ+ ie(∂µAµ)Qφ+ ieAµQ∂µφ+ ieAµQ∂µφ− e2AµAµQ
2φ+m2φ = 0

⇒ ∂µ∂µφ+m2φ = −ieAµQ∂µφ+ e2AµAµQ
2φ− ie(∂µAµ)Qφ− ieAµQ∂µφ

= −ieQ∂µ(Aµφ)− eQAµ(i∂µ − eAµQ)φ

=⇒
[

∂2 +m2
]

φ = −ieQ∂µ(Aµφ)− ieQAµDµφ

Dµ ⇒ ∂µ :
[

∂2 +m2
]

φ = 0
∧
= Klein-Gordon equation
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2) L = ψ̄
(

i 6D −m
)

ψ with ψ̄ = ψ†γ0 and 6D = γµDµ

= ψ̄
[

i(6∂ + ie 6AQ)−m
]

ψ = ψ̄
[

i 6∂ − e 6AQ−m
]

ψ

δL
δψ̄

=
[

iγµ∂µ − e 6AQ−m
]

ψ & ∂µ

(
δL

δ(∂µψ̄)

)

= 0

Euler-Lagrange equation:

[

i 6∂ − e 6AQ−m
]

ψ = 0 =⇒
(

i 6∂ −m
)

ψ = e 6AQψ

Dµ ⇒ ∂µ :
(

i 6∂ −m
)

ψ = 0
∧
= Dirac equation

δL
δψ

= ψ̄
[

− e 6AQ−m
]

& ∂µ

(
δL

δ(∂µψ)

)

= ∂µψ̄
[

iγµ

]

Euler-Lagrange equation:

[

i∂µψ̄γµ + eψ̄ 6AQ +mψ̄
]

= 0 =⇒ ψ̄(i
←

6∂ +m) = −eψ̄ 6AQ
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3) L = −1

4
FµνFµν − jµAµ with Fµν ≡ ∂µAν − ∂νAµ

= −1

4

(

∂µAν − ∂νAµ

)(

∂µAν − ∂νAµ

)

− jµAµ

= −1

4

[

∂µAν∂µAν − ∂µAν∂νAµ − ∂νAµ∂µAν + ∂νAµ∂νAµ

]

− jµAµ

= −1

2

[

(∂αAβ)
2 − (∂αAβ)(∂βAα)

]

− jαAα

δL
δAµ

= −jµ & ∂µ

(
δL

δ(∂µAν)

)

= −1

2
∂µ

(

2∂µAν − ∂νAµ − ∂νAµ

)

= −∂µ
[

∂µAν − ∂νAµ

]

= −∂µFµν

Euler-Lagrange equation:

−∂µFµν + jν = 0 =⇒ ∂µFµν = jν Maxwell’s equation

Aufgabe 2: Gauge boson masses

The standard model lagrangian needs to be SU(2)L ×U(1)Y invariant. This
means that explicit mass terms cannot be introduced because they break the
gauge invariance:

Lm = −mψ̄ψ
= −m(ψ̄L + ψ̄R)(ψL + ψR) = −m[ψ̄LψL + ψ̄LψR + ψ̄RψL + ψ̄RψR]

= −m(ψ†PLγ
0 + ψ†PRγ

0)(PLψ + PRψ)

= −m[ψ†γ0PR + ψ†γ0PL)(PLψ + PRψ]

= −m[ψ̄PRPLψ + ψ̄PRPRψ + ψ̄PLPLψ + ψ̄PLPRψ]

= −m[ψ̄PRPRψ + ψ̄PLPLψ]

= −m[ψ̄LψR + ψ̄RψL]
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These mixed terms are not invariant under SU(2) because I(ψR) = 0 and
I(ψL) = ±1/2.

The masses can be generated using the Higgs mechanism. The complete La-
grangian of the electroweak standard model is:

L = −1

4
Wµν ·W µν−1

4
BµνB

µν

{
W±, Z, γ kinetic terms
and self interactions

+Lγµ
(

i∂µ − g
σa
2

·W a
µ − g′

Y

2
Bµ

)

L

+Rγµ
(

i∂µ − g′
Y

2
Bµ

)

R







Lepton kinetic terms and
Quarks kinetic terms and
their interactions with W±, Z, γ

+




(

i∂µ − g
σa
2

·W a
µ − g′

Y

2
Bµ

)

φ

︸ ︷︷ ︸

(∗)





2

− V (φ)
{
W±, Z, γ and Higgs
masses and couplings

−(G1LφR +G2Lφ
cR + h.c.)

{
Lepton and quark masses and
Yukawa couplings to the Higgs

Spontaneous symmetry breaking : φ(x) = φ0 + δφ(x) with φ0 =
1√
2

(
0
v

)

with Isospin I = 1/2 and hyper charge Y = 1 for the Higgs field φ0.

⇒ (∗) =




(

ig
σa

2
·W a

µ + ig′
Y

2
Bµ

)

φ0





2

︸ ︷︷ ︸

(**)

+ . . . other terms

Pauli matrices: σ1 =

(
0 1
1 0

)

, σ2 =

(
0 −i
i 0

)

and σ3 =

(
1 0
0 −1

)
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(∗∗) =
1

8







(
gW 3

µ + g′Bµ g(W 1
µ − iW 2

µ)
g(W 1

µ + iW 2
µ) −gW 3

µ + g′Bµ

)(
0
v

)






2

=
v2

8

{

g2|W 1
µ − iW 2

µ |2 + (−gW 3
µ + g′Bµ)

2

}

=
v2

8

{

g2
[

(W 1
µ)

2 + (W 2
µ)

2
]

︸ ︷︷ ︸

(1)

+
[

(−gW 3
µ + g′Bµ)(−gW 3

µ + g′Bµ)
]

︸ ︷︷ ︸

(2)

}

=
v2

8







W 1
µ

W 2
µ

W 3
µ

Bµ













g2 0 0 0
0 g2 0 0
0 0 g2 −gg′
0 0 −gg′ g′2













W 1
µ

W 2
µ

W 3
µ

Bµ







(1) =
1

8
(vg)2

(
W 1

µ − iW 2
µ

) (
W 1

µ + iW 2
µ

)

=

(
1

2
vg

)2

W+
µ W

−
µ with W±

µ ≡ 1√
2

(
W 1

µ ∓ iW 2
µ

)

=⇒ MW± =
1

2
vg from the eigenvalues of

1

4
v2

(
g2 0
0 g2

)

(2) we want to find the physical states Zµ, Aµ and their masses:

(
Zµ

Aµ

)

=





cos θW − sin θW

sin θW cos θW





(
W 3

µ

Bµ

)

≡ IR

(
W 3

µ

Bµ

)

IM2 = IR
v2

4

(
g2 −gg′

−gg′ g′2

)

IRT

=
v2

4

(
g2c2W + 2gg′sW cW + g′2s2W

(
g2 − g′2

)
sW cW + gg′(s2W − c2W )

(
g2 − g′2

)
sW cW + gg′(s2W − c2W ) g2s2W − 2gg′sW cW + g′2c2W

)

!
=

v2

4

(
A 0
0 B

)
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off diagonal elements vanish ⇔ g′

g
= tan θW

(or
g′

g
= − cot θW , which yields the same with A and B exchanged)

=⇒ A =

(
g′

sW

)2

= g2 + g′2

B = 0

}

=⇒ IM2 =
v2

4

(
g2 + g′2 0

0 0

)

The eigenvalues of IM2 are
v2

4

(
g2 + g′2

)
and 0.

Calculation of the eigenvectors

(
g2 −gg′

−gg′ g′2

)(
x1
x2

)

=
v2

4

(

g2 + g′
2
)(

x1
x2

)

⇒ x1 = − g

g′
x2

(
g2 −gg′

−gg′ g′2

)(
y1
y2

)

= 0

(
y1
y2

)

⇒ y1 =
g′

g
y2

where the normalisation N is not fixed yet. Base transformation from

(
W 3

µ

Bµ

)

to

(
Zµ

Aµ

)

:

(
Zµ

Aµ

)

=

(
x1 x2
y1 y2

)(
W 3

µ

Bµ

)

= N

(
g −g′
g′ g

)

︸ ︷︷ ︸

IR

(
W 3

µ

Bµ

)

= N

(
gW 3

µ − g′Bµ

g′W 3
µ + gBµ

)

IRIRT = 1 =⇒ N =
1

√

g2 + g′2

so

v2

8

(
−gW 3

µ + g′Bµ

)2
=

1

8
v2
[ (

g2 + g′
2
)

N2
(
gW 3

µ − g′Bµ

)2
+ 0N2

(
g′W 3

µ + gBµ

)2
]

=
1

8
v2
[ (

g2 + g′
2
)
(
gW 3

µ − g′Bµ

)2

g2 + g′2
+ 0

(
g′W 3

µ + gBµ

)2

g2 + g′2

]

=
1

2
M2

ZZ
2
µ +

1

2
M2

AA
2
µ
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=⇒

Zµ =
gW 3

µ − g′Bµ
√

g2 + g′2
& MZ =

v

2

√

g2 + g′2

Aµ =
g′W 3

µ + gBµ
√

g2 + g′2
& MA = 0
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