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Exercise sheet 4

Exercise 1: Grassmann numbers

A Grassmann number θ is an anti-commuting object: {θ, θ} = 0.

• What does this imply for the series expansion of a function φ(θ) ?

• What does this mean for the usual translation invariance of an integral

∫

+∞

−∞

dxφ(x) =

∫

+∞

−∞

dxφ(x+ c)

when considering an integral over Grassmann numbers

∫

dθ,

∫

θdθ,
∂

∂θ

The normalisation is such that
∫∞

−∞
θdθ = 1.

• How do these rules change when considering a set of Grassmann numbers
Θ = {θ1, θ2, θ3, . . . }?

Exercise 2: Weyl spinors and Dirac bispinors

Consider the Clifford algebra in the chiral basis:

γµ =

(

0 σµ

σ̄µ 0

)

γ5 =

(

−1 0
0 1

)

where

σµ = σ
µ
αα̇ (α, α̇ = 1, 2)

σ̄µ = σ̄µα̇α

with the Pauli matrices

σ0 = σ̄0 =

(

1 0
0 1

)

σ1 = −σ̄1 =

(

0 1
1 0

)

σ2 = −σ̄2 =

(

0 −i
i 0

)

σ3 = −σ̄3 =

(

1 0
0 −1

)
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A Dirac bispinor and its chiral components are defined as

ψ =

(

ξα
χ†α̇

)

, IPLψ =

(

ξα
0

)

, IPRψ =

(

0
χ†α̇

)

,

with the chiral projects IPL/R = 1

2
(1∓ γ5). Consequently, the adjoint bispinor is

ψ̄ = ψ†γ0 = (χα, ξ
†
α̇)

and the charge-conjugate bispinor is

ψc ≡ −i
(

ψ̄γ0γ2
)T

The indices are raised and lowered using the totally antisymmetric ǫ-tensor

ξα = ǫαβξβ, χ†α̇ = ǫα̇β̇χ
†

β̇
,

where

ǫαβ = ǫα̇β̇ =

(

0 1
−1 0

)

= −ǫβα = ǫβα = −ǫαβ .

We sum over undotted indices when α
α, we have

ξ · χ ≡ ξαχα = ξαǫαβχ
β = −χβǫαβξ

α = χβǫβαξ
α = χ · ξ.

Dotted indices are summed when α̇
α̇

ξ† · χ† ≡ ξ
†
α̇χ

†α̇ = ξ
†
α̇ǫ

α̇β̇χ
†

β̇
= −χ†

β̇
ǫα̇β̇ξ

†
α̇ = χ

†

β̇
ǫβ̇α̇ξ

†
α̇ = χ† · ξ†.

Weyl spinors and adjoint Weyl spinors are multiplied using the Pauli matrices:

ξ · σµ · χ† ≡ ξασ
µ
αα̇χ

†α̇, χ† · σ̄µ · ξ ≡ χ
†
α̇σ̄

µα̇αξα.

The Pauli matrices are related via

(σ̄µ)αα̇ = ǫα̇β̇ǫαβ(σ̄µ)βα̇ (1)

Show that the following relations hold:

a) ψ̄1IPLψ2 = χ1 · ξ2

b) ψ̄1IPRψ2 = ξ
†
1 · χ

†
2

c) ψc
1IPLψ2 = ξ1 · ξ2

d) ψc
1IPRψ2 = χ

†
1 · χ

†
2

e) ψ̄1γ
µIPLψ2 = ξ

†
1 · σ̄

µ · ξ2

f) ψ̄1γ
µIPRψ2 = χ1 · σ

µ · χ†
2 = −χ†

2 · σ̄
µ · χ1

g) LDirac = ψ̄(i6∂−m)ψ = ξ† · σ̄µ · i∂µξ+χ
† · σ̄µ · i∂µχ−m(χ ·ξ+ξ† ·χ†)+total derivative

2


