Puaysics BEYOND THE STANDARD MODEL

Exercise sheet 4

Exercise 1: Grassmann numbers

A Grassmann number # is an anti-commuting object: {#,0} = 0.
e What does this imply for the series expansion of a function ¢(6) 7

e What does this mean for the usual translation invariance of an integral

/_+OO dxo(z) = /_+OO dzp(x + c)
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when considering an integral over Grassmann numbers

9
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The normalisation is such that f_oooo 0do = 1.

e How do these rules change when considering a set of Grassmann numbers

@ - {91,92,93,...}?

Exercise 2: Weyl spinors and Dirac bispinors

Consider the Clifford algebra in the chiral basis:

W (0 ot (-1 0
T = 0 B=\ 0 1

where

gt = ghi



A Dirac bispinor and its chiral components are defined as

o=(&) me=(5) me=( )

with the chiral projects IP;/p = %(1 F 5). Consequently, the adjoint bispinor is

b =90 = (x*€l)
and the charge-conjugate bispinor is
e g7 T
Ve = —i (vy°?)
The indices are raised and lowered using the totally antisymmetric e-tensor
a _ _af e aB.t
£ = g5, XY= ¥yl
where
leY af 0 1 «
6626ﬁ2<_10):—6ﬁ = €8a = —€up-
We sum over undotted indices when ¢ , we have
X = €% = %X = —x7eas® = X epal = x - €.

Dotted indices are summed when , ¢

¢ xt =€l = ey = X[l = el = x - ¢

Weyl spinors and adjoint Weyl spinors are multiplied using the Pauli matrices:

gt P =0kt Xt €= ylaraok,.
The Pauli matrices are related via
(6)°% = €496 (5") 5,

Show that the following relations hold:
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d) Y Pty = x| - x5
) Py Prypy = £ -0t - &
)
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iy Pripy = X1 - 0% - Xb = —xb - 3" - xu
L

Dirac = V(i@ —m)p = £-51-i0,E+xT-a#-i0,x —m(x-E+E&T- xT) +total derivative



