
III SUPERSYMMETRY

§1. SUSY Algebras und Multiplets

φ = complex scalar field ψ = fermionic bispinor

L = ∂µφ
∗∂µφ+ ψLi6∂ψL conserved fermionic charge:

invar.: φ→ φ+ Θ c
L ψL current: j

µ
α = [( 6∂φ∗)γµψL]α

ψL → ψL − i6∂Θ c
L φ charge: Qα =

∫

d3~x j0α(t, ~x)

[Θ: const. infinit. bispinor] =⇒ Q̇α = 0

invariance also valid for interacting fields:

L = |∂µφ|2 + ψLi6∂ψL −
∣

∣

∣

∣

mSφ+
gS

2
φ2
∣

∣

∣

∣

2

− 1

2
(mF + gFφ)ψ

c
L ψL + h.c.

symmetric under

φ → φ+ Θ c
L ψL

ψL → ψL − i6∂Θ c
L φ−

(

mSφ+
gS

2
φ2
)

ΘL

IF gS = gF and mS = mF

SUSY: 1.) corresponding field d.o.f.

2.) identical masses

3.) identical couplings
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Supersymmetry Algebra N = 1:

minimal symmetry realization

Qα = lefthanded Weyl spinor: γ5Q = −Q

graded Lie algebra:
{

Qα, Qβ

}

=
{

Q̄α, Q̄β

}

= 0

{

Qα, Q̄β

}

= 2 6 IPLαβ

[Qα, IPµ] = 0

[Qα, IMµν] =
1

2
(σµν)αβQβ

Poincaré algebra

spectrum:
[

IMµν, Q̄α
]

=
1

2
Q̄β(σµν)αβ: M12 = J3

σ12 = σ3

J3Q̄1,2 = Q̄1,2

(

J3 ±
1

2

)

=⇒ Q̄1 generates spin =
1

2

Q1 annihilates spin =
1

2

Q̄2 annihilates spin =
1

2

Q2 generates spin =
1

2
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Intermezzo: Poincaré algebra

IPµ = i∂µ

IMµν = xµIPν − xνIPµ + Σµν

~J = (IM23, IM31, IM12)

~J2 = L(L+ 1) (L = ℓ+ S)

e.g. σµν =
i

2
[γµ, γν] ← Dirac spinors

Σµν =
1

2
σµν

~Σ =
1

2

(

~σ 0
0 ~σ

)

~Σ2 =
3

4
= S(S + 1) ⇒ spin =

1

2

[derived from S(Λ)ψ(x′) = exp(i~ǫ ~J) ψ(x) with infi-

nitesimal rotations Λ and ~x′ = ~x− ~ǫ× ~x]

Poincaré algebra:

[IMµν, IMρσ] = gνρIMµσ − gµρIMνσ − gνσIMµρ + gµσIMνρ

[IMµν, IPρ] = gνρIPµ − gµρIPν
[IPµ, IPν] = 0



Multiplet Structure:

particle multiplet: |λ〉,
∣

∣

∣

∣

λ+
1

2

〉

anti-particle: | − λ〉,
∣

∣

∣

∣

−λ− 1

2

〉

Classification: N = 1 supersymmetry

supermultiplet

[

S, S +
1

2

]

chiral

[

0,
1

2

]

vector

[

1

2
,1

]

graviton

[

3

2
,2

]

generalization: Q
i=1,...,N
α=1,2 :

{

Qiα, Q
j
β

}

=
{

Q̄iα, Q̄
j
β

}

= 0
{

Qiα, Q̄
j
β

}

= 2δij 6 IPLαβ . . .

maximum: | − λmax〉 · · ·
∣

∣

∣

∣

−λmax +
N

2

〉

= |λmax〉
consist. FT: λmax ≤ 2 =⇒ N ≤ 8
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Multiplet structure:

Theory spin=0 spin=
1

2
spin=1 spin=

3

2
spin=2

N=1 1 1

N=2 1 2 1

N=3 1 3 3 1

N=4 2 4 6 4 1

N=5 10 11 10 5 1

N=6 30 26 16 6 1

N=7 70 56 28 8 1

N=8 70 56 28 8 1

particle content of multiplets in extended supergra-

vity theories that contain a graviton

Theory spin=0 spin=
1

2
spin=1

N=1 1 1

N=2 2 2 1

N=3 6 4 1

N=4 6 4 1

gauge multiplets
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Superspace:

-

6
~Θ

xµ

©z

x = (x0, x1, x2, x3) z = (x;Θ, Θ̄)
~Θ = (Θ, Θ̄) y = x+ iΘσΘ̄
Θ = (Θ1,Θ2) Θ̄ = (Θ̄1, Θ̄2)

Grassmann numbers:
{

Θi,Θj

}

= 0⇒ Θ2
i = 0

f(Θ) = f(0) + Θ f ′(0)

∂

∂Θ
f(Θ) = f ′(0)

∫

dΘ = 0
∫

dΘ Θ = 1

metric: Θα, Θ̄α (α = 1,2) :

Θ2 = ΘaΘa = ǫabΘaΘb = 2Θ1Θ2

= −Θ1Θ1 −Θ2Θ2 = Θ1Θ
1 + Θ2Θ

2

(ǫ12 = −ǫ21 = 1)
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SUPERFIELDS:

translation operator:

G(x;Θ, Θ̄) = exp
[

i
(−xIP + ΘQ+ Θ̄Q̄

)]

G(0;Θ′, Θ̄′)G(x;Θ, Θ̄) = G(x′′;Θ′′, Θ̄′′)

Θ′′ = Θ + Θ′

Θ̄′′ = Θ̄ + Θ̄′ σ = (1I, ~σ)

x′′ = x− i [Θ′σΘ̄−ΘσΘ̄′
]

σ̄ = (1I,−~σ)

differential representation: IP = i∂

Q =
∂

∂Θ
− iσΘ̄∂

Q̄ =
∂

∂Θ̄
− iΘσ∂

superfield: combination of fields belonging to the

same supermultiplet to a unified field

general [scalar] superfield with spin ≤ 1:

Φ(x;Θ, Θ̄) = φ(x) + Θψ(x) + Θ̄χ̄(x) + Θ2F(x)

+ Θ̄2N(x) + ΘσµΘ̄V µ(x) + Θ2Θ̄λ̄(x)

+ Θ̄2Θα(x) + Θ2Θ̄2D(x)

16 real bosonic fields: φ, F,N, Vµ, D

16 fermionic fields: ψ, χ̄, λ̄, α
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powers of superfields are again superfields

Φ reducible [spin = 0, 12,1]: irreducible parts →

SUSY–Trafo:Φ(x;Θ; Θ̄) → G(0; ǫ; ǭ)Φ(x;Θ; Θ̄)

= Φ(x+ ξ;Θ + ǫ, Θ̄ + ǭ)

(ξ = −i[ǫσΘ̄−Θσǭ])

= Φ(x;Θ; Θ̄) + δΦ

δΦ = ξ∂Φ + ǫ
∂Φ

∂Θ
+ ǭ

∂Φ

∂Θ̄
= δφ(x) + Θδψ(x) + · · ·

δφ(x) = ǫψ(x) + ǭχ̄(x)

δψ(x) = σǭ[i∂φ(x) + V (x)] + 2ǫF(x)

δχ̄(x) = σ̄ǫ[i∂φ(x)− V (x)] + 2ǭN(x)

δF(x) = − i
2
∂ψ(x)σǭ+ ǭλ̄(x)

δN(x) =
i

2
ǫσ∂χ̄(x) + ǫα(x)

δVµ(x) = ǫσµλ̄(x) + α(x)σµǭ

+
i

2
∂ν[ǫσνσ̄µφ(x)− χ̄σ̄µσν ǭ]

δλ̄(x) = ǭ

[

2D(x) +
i

2
∂V (x)

]

+ iσ̄µǫ∂F(x)

δα(x) = ǫ

[

2D(x)− i

2
∂V (x)

]

+ iσǭ∂N(x)

δD(x) =
i

2
ǫσ∂λ̄− i

2
∂α(x)σǭ

chiral superfield: φ, ψ vectorial field: Vµ, λ
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CHIRAL SUPERFIELD

side conditions: projection on irreducible ingredients

D̄ =
∂

∂Θ̄
+ iΘσ∂ : SUSY-invariant {D̄,Q} = · · · = 0

chiral superfield:
D̄Φ− = 0

antichiral superfield:

DΦ+ = 0 D =
∂

∂Θ
+ iσΘ̄∂

solution:

Φ− = Φ(x+ iΘσΘ̄;Θ,0) is general chiral super-

field
D̄Φ− = −iΘσ∂Φ + iΘσ∂Φ = 0

Φ−(y) = φ(y) +
√

2Θψ(y) + Θ2F(y)

[y = x+ iΘσΘ̄]

δφ =
√

2ǫψ

δψ =
√

2[iσǭ∂φ+ ǫF ]

δF = −
√

2i∂ψσǭ

[y → y+ 2iΘσǭ,Θ→ Θ + ǫ, Θ̄→ Θ̄ + ǭ]

[F = non–propagating auxiliary field]
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VECTOR–SUPERFIELD

superfield = hermitesch: V † = V

gauge trafo: V → V+(χ+χ†)→minimal field content:

Wess–Zumino gauge
[χ(†) = (anti)chiral superfield: Φ→ e−gχΦ, Φ† → Φ†e−gχ

†
]

V = −ΘσµΘ̄Aµ(x) + iΘ2Θ̄λ̄(x)

− iΘ̄2Θλ(x) + Θ2Θ̄2D(x)

Aµ(x) = vector field

λ(x) = vectorino field

D(x) = auxiliary field [non–propagating]

field strength:

Va = −1

4
D̄2DaV

= iλa −Θb

[

2δ b
a D+ (σµν)

b
a F

µν
]

− Θ2(σ∂)aȧλ̄
ȧ
∣

∣

∣

y=x+iΘσΘ̄

D̄3 = D3 = 0 ⇒ D̄Va = 0 (chiral superfield)
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ACTION:

SUSY and [U(1)–]gauge invariant:

S = SV + Sm + SW :

SV =
1

4

∫

d6z VαV
α + h.c. gauge field part

Sm =
∫

d8z Φ†egVΦ matter + gauge int.

SW =

∫

d6z W [Φ] + h.c. superpotential:

W =
m

2
Φ2 +

λ

6
Φ3

↑ masses

[d8z = d4x d2Θ d2Θ̄, d6z = d4x d2Θ→ d4x]

LAGRANGE DENSITY

L = LV + Lm + LW :

LV = −1

4
FµνFµν +

1

2
λ̄i6∂λ+

1

2
D2

; D2

Lm = |Dµφ|2 + ψ̄Li6DψL + i
√

2g[φ∗ψ c
L λL − φλLψ c

L ]

+ g|φ|2D+ |F |2

LW = −1

2

∂2W

∂φ∂φ
ψ c
L ψL + F

∂W

∂φ
+ h.c. ; |F |2

V =
1

2
D2 + |F |2
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1.) D(x), F(x) are non–propagating auxiliary fields:

∂L
∂D

=
∂L
∂F

=
∂L
∂F ∗

= 0

D = −g|φ|2

LD = −g
2

2
|φ|4

quartic coupling of scalar field is

fixed by gauge coupling.

=⇒ MSSM: Higgs φ4 coupling determined solely by

gauge int.

F ∗ = −∂W
∂φ

F = −∂W
∗

∂φ∗

2.) supersymmetric particles interact in pairs. Mul-

tiplicative quantum number:

R = (−1)3(B−L)+2S

R–parity = +1 for SM particles
= −1 for superpartners

=⇒ production in pairs, LSP stable
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φ

φ

g

V

ψ̃

ψ̃

g

V

λ̃

ψ̃

g

φ

φ

φ

φ

φ

g2 + λ2

ψ̃

ψ̃

λ

φ
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