
I STANDARD MODEL

§1. Lagrange Formalism

Classical mechanics Field theory

d.o.f.: coordinates q(t) field amplitudes φ(t, ~r) = φ(x)

Action: S =
∫ t2
t1
dt L(q, q̇) S =

∫ t2
t1
dt
∫
d3~rL [φ(x), ∂µφ(x)]

Lagrange function =
∫
d4x L(φ, ∂µφ)

Lagrange density

Fields develop with time such

that action is minimalized:

�

~r

(t)

t

1

t

2

t

δS =

∫

d4x

{

∂L
∂φ
δφ+

∂L
∂∂µφ

δ∂µφ

}

=

∫

d4x

{

∂L
∂φ

δφ+ ∂µ

(

∂L
∂∂µφ

δφ

)

︸ ︷︷ ︸

=0 on surface

−
(

∂µ
∂L
∂∂µφ

)

δφ

}

=

∫

d4x

{

∂L
∂φ

− ∂µ
∂L
∂∂µφ

}

δφ = 0

Euler–Lagrange equations: ∂µ
∂L
∂∂µφ

− ∂L
∂φ

= 0
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Examples:

1.) Klein–Gordon field [spin 0]

L = |∂µφ|2 −m2|φ|2

−→
(

∂2 +m2
)

φ = 0 [Klein–Gordon eq.]

2.) Dirac field [spin 1
2]

L = ψ̄(i 6∂ −m)ψ

−→
(

i 6∂ −m
)

ψ = 0 [Dirac equation]

ψ̄ = ψ†γ0 ψL/R =
1 ∓ γ5

2
ψ

6a = aµγ
µ

γ0 =

(

1I 0
0 −1I

)

γi =

(

0 σi

−σi 0

)

γ5 =

(

0 1I
1I 0

)

Clifford algebra:

{γµ, γν} = 2gµν1I {γµ, γ5} = 0
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3.) Maxwell field [spin 1]

Vector potential Aµ = (φ, ~A):
~E = −gradφ− ∂t ~A, ~B = rot ~A

Field strength tensor:

Fµν = ∂νAµ−∂µAν =









0 E1 E2 E3

−E1 0 B3 −B2

−E2 −B3 0 B1

−E3 B2 −B1 0









µν

L = −1

4
FµνFµν

−→ ∂2Aµ − ∂µ∂νAν = 0 [Maxwell eq.]
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§2. Gauge Theories

1. Abelian Gauge Theories [QED]

L = ψ̄(i 6D −m)ψ − 1

4
FµνFµν

minimal substitution: i∂µ → iDµ = i∂µ − eAµQ
[Q = charge operator: Qψ = eψψ]

invariant under local gauge transformations:

ψ → e−iα(x)Qψ ψ̄ → eiα(x)Qψ̄

Aµ → Aµ +
1

e
∂µα [Fµν → Fµν]

Lint = −eψeψ̄ 6Aψ

A

�

�

 

 

�ie

 

e


�
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2. Non–Abelian Gauge Theories [e.g. QCD]

Lie group: S = e−iα
aT a

generators: [T a, T b] = ifabcT
c [Lie algebra]

Tr(T aT b) = 1
2δab T a† = T a

SU(2): T a =
σa

2
Pauli-matrices

SU(3): T a =
λa

2
Gell–Mann-matrices

vector potential: Vµ = V aµ T
a

minimal substitution: i∂µ → iDµ = i∂µ − gVµ

field strength tensor:

Vµν =
i

g
[Dµ, Dν] = ∂νVµ − ∂µVν − ig[Vµ, Vν]

L = −1

2
Tr (V µνVµν) + ψ̄(i 6D −m)ψ

= −1

4
V aµνV aµν + ψ̄j(i 6∂ −m)ψj − gψ̄j 6V aT ajkψk

invariant under local gauge transformations

ψ → Sψ = e−iα
a(x)T aψ
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ψ̄ → ψ̄S−1 = ψ̄eiα
a(x)T a [S† = S−1]

Vµ → SVµS
−1 +

i

g
(∂µS)S−1

=⇒ Vµν → SVµνS
−1

Dµ → SDµS
−1

V

a

�

�

 

j

 

k

�igT

a

jk




�

self-interactions:

V

V

V

/ g

V

V

V

V

/ g

2
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§3. Higgs Mechanism and Standard Model

LM = M2
V Tr(V

µVµ) destroys gauge invariance

→MV = 0?

scalar isospin doublet:

φ =

(

φ+

φ0

)

[isospin I = 1
2, hypercharge Y = +1]

potential: V (φ) = µ2φ†φ+ λ
2(φ

†φ)2

V [�℄

j�j

�

2

> 0

Minimum: � = 0

V [�℄

j�j

�

2

< 0

Minima: j�j

2

= �

�

2

�

=

v

2

2

=⇒ spontaneous symmetry breaking
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Higgs field:

φ = e−i
θaσa

v
︸ ︷︷ ︸

SU(2)–Trafo
−→ gauge trafo




0

v+H√
2



 =
1√
2

(

Θ2 − iΘ1

v+H + iΘ3

)

+· · ·

=⇒ 3 components can be absorbed in SU(2) gauge

fields [longitudinal d.o.f.].

fermions:
(

νe
e−

)

L

e−R

(

νµ
µ−

)

L

µ−R

(

ντ
τ−

)

L

τ−R

(

u
d

)

L

uR
dR

(

c
s

)

L

cR
sR

(

t
b

)

L

tR
bR

isospin: ±1
2 0 ±1

2 0 ±1
2 0

hypercharge: Y = 2(Q− I3)

[Gell-Mann–Nishijima relation]

gauge bosons: hypercharge Bµ
Y

2

isospin Wµ = W a
µ
σa

2

color Gµ = Gaµ
λa

2
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Lagrange density of Standard Model:

L = −1

4
GaµνG

aµν − 1

4
W a
µνW

aµν − 1

4
BµνB

µν

+
∑

f

L̄f(i 6D)Lf +
∑

f

f̄R(i 6D)fR

+ |Dµφ|2 − λ

2

[

|φ|2 − v2

2

]2

−
∑

f

gf L̄f(φ+ φc)fR + h.c.

charge conjugation: φc = iσ2φ∗

minimal substitution:

iDµ = i∂µ − gsG
a
µ
λa

2
− gW a

µ
σa

2
− g′Bµ

Y

2
ground state:

φ0 =

(

0
v√
2

)

[unitary gauge]

gauge boson masses:

|Dµφ0|2 =

∣
∣
∣
∣
∣

(

igW a
µ
σa

2
+ ig′Bµ

Y

2

)(

0
v√
2

)∣
∣
∣
∣
∣

2

=
v2

8









W1
µ

W2
µ

W3
µ

Bµ

















g2 0 0 0

0 g2 0 0

0 0 g2 −gg′
0 0 −gg′ g′2

















W1
µ

W2
µ

W3
µ

Bµ








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=⇒

M2
W =

g2

4
v2

M2
Z =

g2 + g′2

4
v2

M2
γ = 0

W±
µ =

W1
µ ∓ iW2

µ√
2

(

Zµ
Aµ

)

=

(

cos θW − sin θW
sin θW cos θW

)(

W3
µ

Bµ

)

[θW = Weinberg angle]

−→ W und Z bosons acquire mass by Higgs me-

chanism. Photon remains massless.

Yukawa interaction:

LY uk = −
∑

f

gf L̄f(φ+φc)fR+h.c. = −
∑

f

gf√
2
f̄(v+H)f

=⇒ mf =
gf√
2
v

Higgs mechanism generates fermion masses
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H

�

f

f

�i

m

f

v

gauge interactions:

Lint = − g√
2
j+µ W

+µ + h.c.

− g

cos θW

[

j3µ − sin2 θW j
elm
µ

]

Zµ − ejelmµ Aµ

e = g sin θW = g′ cos θW

j±µ = L̄fγµσ
±Lf σ± =

σ1 ∓ iσ2

2

j3µ = L̄fγµ
σ3

2
Lf

jelmµ = ef f̄γµf = ef
{

f̄LγµfL + f̄RγµfR
}
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W

�

�

�

f

0

f

�i

M

W

p

2v




�

(1� 


5

)

Z

�

�

f

f

�i

M

Z

2v




�

(v

f

� a

f




5

)

vf = 2I
f
3L − 4ef sin2 θW

af = 2I
f
3L

Myon decay:

µ−

νµ

W−(k)

e−

ν̄e

g

2
√

2

g

2
√

2

|k|2 ≪ M2

W

µ−

νµ

e−

ν̄e

GF√
2

[Fermi theory]
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GF√
2

=
g2

8M2
W

=
πα

2M2
W sin2 θW

GF = 1.1663788(7) · 10−5 GeV−2

v =
2MW

g
=

1
√√

2GF

≈ 246 GeV

Higgs: M2
H = λv2

H

W

+

�

=Z

�

W

�

�

=Z

�

/M

2

V

H

H

W

+

�

=Z

�

W

�

�

=Z

�

/M

2

V
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• electroweak observables:

W;Z

H

W;Z

GF =
πα√

2M2
W sin2 θW

[1 + ∆r]

∆rHiggs =
GFM

2
W

8
√

2π2

11

3

[

log
M2
H

M2
W

− 5

6

]
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mH [GeV]

∆χ
2

LEP
excluded

LHC
excluded

∆α
had

 =∆α(5)

0.02750±0.00033

0.02749±0.00010

incl. low Q
2
 data

Theory uncertainty

March 2012 m
Limit

 = 152 GeV

MH = 94+29
−24 GeV

⇒ MH
<∼ 152 GeV (95% CL) LEP/SLC
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• triviality and vacuum stability:

dλ

d log µ2

v2

=
3

8π2

[

+λ2 + λg2t −g4t
]

�

log

�

2

v

2

log

�

2

v

2

upper bound )

lower bound )

( triviality M2
H = λv2

⇒ Λ >∼ 1 TeV

.

Hambye
Riesselmann

Λ = 1 TeV : 55 GeV<∼ MH
<∼700 GeV

Λ = MGUT : 130 GeV<∼ MH
<∼190 GeV

Cabibbo
Sher

Lindner
Lüscher, Weisz
Hasenfratz,. . .

etc.⇒ light Higgs boson
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